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We shall begin by summarizing the key results constituting conventional wisdom in 
standard Quantum Chromodynamics (QCD). 

Firstly, in vector-like gauge theories and in QCD in particular, non-chiral symmetries 
such as SU L+R {2) C SU L {2) x SU R {2) or SU L+R {3) C SU L (3) x SU R (3) cannot be spon- 
taneously broken. This is the Vafa-Witten result [0,0. In QCD with large N c , Coleman 
and Witten || showed that chiral symmetry is broken to diagonal U (Np) and thus, if chiral 
symmetry is broken, it must happen in such a manner that flavor symmetry is preserved. 
Secondly, chiral SUl(3) x SU r (3) symmetry in QCD with massless u,d,s quarks must be 
spontaneously broken. However, it is difficult to show || that chiral SUl(2) x SU r (2) sym- 
metry in QCD with massless u, d quarks is also spontaneously broken. Thirdly, QCD may 
very well exhibit the Higgs mode for the vector current and the Goldstone mode for the 
axial vector current i.e., the massless scalars arising from Goldstone theorem get 'eaten 
up' by the gauge vector field which consequently acquires a finite mass. This important 
conjecture was introduced by Georgi in 1989 who called it as a new realization of chiral 
symmetry ("vector mode" ) since it involves both the Wigner-Weyl and Nambu- Goldstone 
modes. This is Georgi's conjecture @. 

To quote Weinberg ||, "A recent paper of Georgi, can be interpreted as proposing that 
QCD at zero temperature is near a second order phase transition, at which the broken 
chiral SU{3) x SU{3) symmetry has a (8, 1) + (1,8) representation, consisting of the octet 
of pseudoscalar Goldstone bosons plus an octet of massless scalars, that on the broken 
symmetry side of the phase transition, become the helicity-zero states of the massive vector 
meson octet, • • ■. It is intriguing and mysterious that at the second order phase transition 
at which chiral SU(2) x SU(2) of massless QCD becomes unbroken , this symmetry may 
become local with p and Ai as massless gauge bosons" . 

As a final point one may observe that the charges corresponding to spontaneously broken 
local gauge symmetries are screened and the vector mesons are massive. This is a mani- 
festation of spontaneously broken local symmetries. For instance, the well-known example 
is the Abelian Higgs model: in the spontaneously broken phase, the vector field has a 
finite mass (thus the field is of finite range) and the conserved current does not have a total 
charge in the physical Hilbert space. 

Coleman and Witten || have demonstrated that QCD exhibits spontaneously broken 
chiral symmetry by examining the large N c limit. In spite of the existence of a great deal of 
work on this subject using several such approaches ||, what is lacking is a general rigorous 
proof of spontaneously broken chiral symmetry in QCD. 

The nature of spontaneously broken chiral symmetry is intimately connected to spon- 
taneously broken scale invariance. It has been emphasized by Adler |5] that there are two 
examples of relativistic field theories which exhibit spontaneously broken scale invariance 
where chiral symmetry is also broken. These are Johnson-Baker- Wiley model of quantum 
electrodynamics Jl0[ and asymptotically free gauge theories. This indeed may be a general 



feature as we pointed out recently in our investigation JTT[ of spontaneously broken chiral 
symmetry in QCD. Let us review this connection briefly. 
Unbroken scale invariance can be expressed as 

Q D {t)\0> = 0, (1) 

where the dilatation charge is 
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Qo(t) = J d 3 xD (x,t), (2) 

defined in terms of D^ipc, t), the dilatation current. Equivalently, 

|0 >= 0. (3) 



Invoking Coleman's theorem [12], which is valid for continuous symmetries, we can then 



prove that the divergence of the dilatation current itself must itself vanish identically: 

= 0. (4) 

On the other hand, it turns out that we know the divergence of the dilatation current as it 
is determined by the trace anomaly ]13[ in QCD: 



d»D» = ~ cr + e wi + immi, (5) 

A 9 i 

where the second term vanishes for massless quarks in the chiral limit. Consequently the 
beta function must vanish. It is well-known that in an asymptotically free theory of QCD 
which also exhibits confinement, the behavior of (3(g) is such that it decreases as g increases 
and never turns over. Consequently g = is the only possibility and hence the theory 
reduces to triviality. We therefore conclude by reductio ad absurdum that scale invariance 
must be broken spontaneously by the QCD vacuum state 

Q D (i)|0>^0. (6) 

It is important to note that since g ^ in the standard theory of QCD, scale invariance is 
also explicitly broken by the trace anomaly. In other words, scale invariance is broken both 
spontaneously by the vacuum state and explicitly by the trace anomaly. 

We shall establish that QCD at zero temperature, satisfying both asymptotic freedom 
and confinement, exhibits the following features: (a) SUl + r(N f ) exhibits the vector mode 
conjectured by Georgi || (Georgi-Goldstone mode), (b) SUl^r(N f ) exhibits either the 
Nambu-Goldstone mode or else the axial-vector charge Q§ is also screened from view at in- 
finity. If the latter case were to occur, then QCD confines without breaking chiral symmetry: 
both SUl+r(Nf) and SUl+r(Nf) are realized in the Higgs mode ( Georgi- Wigner mode), 
with no scalar or pseudoscalar Nambu-Goldstone bosons and the vector and axial-vector 
mesons are degenerate, (c) The Wigner- Weyl mode corresponding to Q a \0) = 0, Q^\0) = 
is ruled out: the Callan-Symanzik beta function has to turn over to yield an infrared stable 
fixed point at a finite value of g if chiral symmetry is to be restored. 

We now sketch the proof of these interesting assertions. We begin with the vector current 
Vf? and its conservation 



This implies the local version 



cW(x,t)=0. (7) 



[Q a (t), #(x,t)] = (8) 
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where H (x, t) = G 00 is the Hamiltonian density, if the surface terms at infinity can be 
discarded. This is clearly justified if the flavor vector charge annihilates the vacuum, 

Q a (t)\0} = (9) 



which is guaranteed by the Vafa-Witten theorem |],|2| i.e., non-chiral symmetries cannot 
be spontaneously broken in vector-like gauge theory. Hence there are no scalar Nambu- 
Goldstone bosons to produce a long range interaction, which in turn would have resulted in 
a non-vanishing contribution to the surface terms. 
Let the commutator 

[Qn(0),Q a (0)] = -id Q Q a (0) (10) 

define the scale dimension oIq of the charge Q a {0). By translation invariance, this can be 
put in the form 

[Q D (t),Q a (t)] = - i d Q Q a (t). (11) 

It is important to stress that operator relations such as the above equation are unaffected by 
spontaneous symmetry breaking as emphasized by Weinberg || . Let us consider the double 
commutator which follows from Eq.(|3), 

[Q D {t), [Q a (t),H]] = 0, (12) 

where Qo{t) is the dilation charge defined in Eq.(|2|). If we now invoke the Jacobi identity 
we can recast the above equation in the form 

[Q a (t), [H, Q D (t) }} + [H, [Q D (t),Q a (t)] ] = 0. (13) 

Since 

[H(x, t), Q D (t)} = -id^(x, t) + 0, (14) 



by virtue of the trace anomaly, Eq.(g), and making use of Eqs.([TT|, ||), we arrive at the 
operator relation 

[Q a (t),^(x,t)] = 0. (15) 
Applying this relation on the vacuum state, we obtain 

[Q a (t),d^D^,t)]\0) = 0. (16) 
We may now invoke the result of Vafa-Witten theorem [|IJ 

Q a (t)\0} = 0, (17) 

and conclude that 

O{x,t)\0) = Q a (t)d^D^,t) |0) = 0. (18) 
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The divergence of the dilatation curent is clearly a local operator. Since the vector 
current J® is conserved, the vector charges Q a are time-independent and they have the 
following important properties: (a) They are constants of motion {i.e., constant operators) 
and (b) they are also the generators of the vector algebra. It is worthwhile elaborating this 
point. Let us for instance, consider the vector charge Q a for a = 3. Since the vector meson 
p is coupled to a conserved vector current , where a = 1,2,3, (this is mandatory for a 
massless vector meson and is valid for a massive vector meson in the Landau gauge), then 
one can demonstrate, following Kroll, Lee and Zumino |fH| , by invoking T,C and baryon 



number invariance of the theory, that one must have / jQ(r,0)d 3 r = AT 3 , where A is a 
constant and T 3 is the third component of the SUy(2) generator. If any of the quark masses 
were to vanish, then the theta angle would have no effect and there would be no P or CP 
nonconservation in QCD [|]]. In other words, Eq.(|18D for a = 3 becomes 

AT 3 d^D„\Q) = . (19) 

We can now invoke the Federbush- Johnson theorem and arrive at the result XT^d^D^ = . 

Since d tJ- D^ l ('x,t) cannot vanish in a theory of QCD which exhibits both asymptotic 
freedom and confinement except at g = 0, we are led to conclude that A = i.e., the third 
component of the vector charge, Q 3 is screened: Q 3 = 0. By invoking SUy(3) invariance, 
this argument generalizes to Q a = where a = 1, 2, ■ • • 8 and thus we arrive at the conclusion 
that the vector charge must be screened. Hence by the Higgs mechanism, the vector mesons 
become massive. It is worth stressing that the application of Federbush- Johnson theorem 
goes through since the locality ofd^D^ remains undisturbed upon multiplication by a constant 
operator. The important result, Q a = 0, is a manifestation of spontaneously broken local 
symmetry . The vector mesons become massive and the scalar would-be Nambu-Goldstone 
bosons disappear. 

Let us now consider the axial- vector charges Q§. The Vafa-Witten theorem does not 
apply in this case and hence we proceed by the method of reductio ad absurdum as follows. 
We assume Q5IO) = corresponding to the Wigner-Weyl mode of unbroken symmetry and 
Q5 are conserved and time independent. We begin by defining the scale dimension of the 
axial- vector charge by 

[Q D (0),QZ] = -id Q5 Qt. (20) 



Repeating the earlier analysis now for the axial- vector charges, exactly as in Eqs. ([TT] - |18|) 
we obtain 



Qg0"D M (x,t)|O) = O. (21) 

Since Q§ is a non-zero constant for the assumed Wigner-Weyl mode, applying the Federbush- 
Johnson theorem, we arrive at the conclusion 

Qg0"D M (x,*) = O. (22) 

This in turn requires d fl D fl ('x,t) = 0. This would imply that QCD exhibiting both asymp- 
totic freedom and confinement is a free field theory. Hence by reductio ad absurdum we are 
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led to the conclusion: either Qf|0) 7^ or = 0. The first alternative is the Nambu- 
Goldstone realization of chiral symmetry which must hold [|J for Np = 3. The second 
alternative in conjunction with the screening of the vector charges, i.e., Q a = 0, Q5 = , is 
the Higgs mode alternative (Georgi-Wigner mode): both scalar and pseudoscalar Nambu- 
Goldstone bosons have been devoured. This case corresponds to confinement with exact 
chiral symmetry. Such a mode is realized in Supersymmetric QCD [|l5|j . 

We note that the Kroll-Lee-Zumino argument used above for the vector charge is not 
valid for the case of the axial-vector charge since the axial baryon number invariance is 
violated by {7a (1) anomaly ||. This is consistent with the fact that no algebra for the 
axial-vector charge is assumed. 

In conclusion, it is interesting that the Wigner-Weyl mode is ruled out in QCD at T = 0, 
if both asymptotic freedom and confinement obtains. This follows from Eqs.(|19|,[^). Hence 
the Wigner-Weyl mode can occur only if the beta function turns over to yield an infrared 
stable fixed point flTEf . 

An effective Lagrangian [p!7Hl8[ which realizes the Georgi-Goldstone mode is easily con- 
structed, following the general procedure for building models with vector and axial vector 
mesons. 

Finally, it is important to stress that we have not invoked the SUz(Np) x SUr(N f ) 
charge algebra in our analysis. In view of the screened charges, i.e., Q a = 0, Qf |0) 7^ 
for the Georgi-Goldstone mode and Q a = Q§ = for the Georgi-Wigner mode, one must 
revert back to local current algebra QJwhich leads to the Weinberg sum rules in QCD. 
There still remain some unresolved issues that need to be addressed. First, is the vacuum 
expectation value of qq "small" near the vector limit? If so, how does one explain the lattice 
Tj| results? Secondly, what is the precise criterion which signals the distinction between 



the Georgi-Goldstone and the Georgi-Wigner modes? Finally in QCD the conserved vector 
charges for Np = 2 are just isospin operators. Therefore what is the real meaning behind 
their vanishing? These and other related issues will be addressed in a forthcoming work. 
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